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In this paper, we discuss the flow of a nonviscous and non-heat-con- 
ducting gas through a channel of variable cross section under the in- 
fluence of a transverse magnetic field. 
For high magnetic Reynolds numbers, the flow is shown to consist of a 
core and current layers at the electrodes and at the fixed channel walls. 
The distributions of currents and other parameters in the core and in 
the current layers are found analytically, in a linear approximation. 
The Joule dissipation in the current layers may be more intense than 
that in the core. The longitudinal currents and Joule dissipation in- 
crease with increasing Hall parameter in the electrode layers. 
Zhigulev [1] has shown that magnetic boundary layers may form in the 
flow of a conducting gas when there is a high magnetic Reynolds num- 
ber (Rm >> 1). He illustrated this situation by the shielding of a plasma 
flow from the magnetic fields produced near a plate which is electri- 
cally isolated from the plasma and through which a current is flowing. 
In an incompressible fluid, the layer thickness is proportional to Rm 1/z. 
Morozov and Shubin [2] have offered a linear-approximation treatment 
of the structure of the electromagnetic near-electrode layers which 
arise during the flow of a nonviscous plasma with a high R m and a 
small "exchange" paremeter ~ .~ H/Rm, for flow transverse to a mag- 
netic field and near a corrugated wall. They pointed out the possible 
formation of "dissipationless n near-electrode layers with thicknesses on 
the order of the Debye or electron Larmor radii, and a "dissipative" 
layer whose thickness increases along the length of the electrodes and 

2 2 -12 is proportional to (RmCB/CT) / , where c B and c T are the magnetic 
and thermal sound velocities. Morozov and Shubin studied the proper- 
ties of dissipationless and dissipative electromagnetic layers at seg- 
mented accelerator electrodes through which a current is passing, for 
an arbitrary "exchange ~ parameter, in [2] and [3], respectively. The 
exchange parameter ~ was found in [4]. 
Such layers should also exist at solid electrodes and at the nonconduct- 
ing walls of an accelerator channel. Study of the two-dimensional flow 
in a channel is significantly simplified when such layers are present. 

1. L e t  u s  c o n s i d e r  the  p l a n a r  f low of a c o n d u c t i n g  

g a s  t r a n s v e r s e  to a m a g n e t i c  f i e l d  in  a c h a n n e l  of  v a r -  
i a b l e  c r o s s  s e c t i o n  (F ig .  1). T h e  c h a n n e l  w a l l s  m a y  be  

e i t h e r  e l e c t r o d e s  o r  i n s u l a t o r s .  We m a k e  the  f o l l o w i n g  
a s s u m p t i o n s :  1) T h e  f low i s  q u a s i  n e u t r a l  a n d  s t e a d y  
s t a t e .  2) T h e  g a s  i s  n o n v i s c o u s  and  n o n - h e a t - c o n d u c t -  

ing.  3) The  e x t e r n a l  m a g n e t i c  f i e l d  i s  u n i f o r m  a n d  d i -  

r e c t e d  a l o n g  the  z - a x i s ,  a n d  t h e r e  i s  no c u r r e n t  a l o n g  

t h i s  a x i s ,  so  the  n e t  m a g n e t i c  f i e l d  i s  a l o n g  z and  i s  a 
f u n c t i o n  of x a n d  y. 4) T h e  t e r m s  in  t he  O h m  e q u a t i o n  

p r o p o r t i o n a l  to t he  g r a d i e n t s  of t he  p r e s s u r e  a n d  the  

e l e c t r o n  t e m p e r a t u r e ,  a n d  the  t e r m s  r e l a t e d  to the  

s l i p p i n g  of i o n s  a r e  n e g l i g i b l e  [5]. In d i m e n s i o n l e s s  

f o r m ,  t h i s  e q u a t i o n  i s  

~B-~V • B + @ ( V  • B) • B = --VqD + v • B.  (1.1) 

5) T h e  p o t e n t i a l  d r o p  i n  the  l a y e r s  t h i n n e r  t h a n  the  

d i s s i p a t i v e  l a y e r  i s  n e g l i g i b l e .  

U n d e r  t h e s e  c o n d i t i o n s ,  t h e  f low i s  d e s c r i b e d  by  the  
f o l l o w i n g  s y s t e m  of e q u a t i o n s :  

R V T • 2 1 5  

+ _H 1 B: 
B,~ V ~ ~  • V - U  = ( v V )  B + B ( V v ) '  

~7 (pT) B a 
p(v  V) V =: ? i  ~ A2 V - 5 - ,  ~7(pv) = 0,  

97' (v~7) In T A ~ M  2 B) 2 
P'~-~ Rm_ 7 ( y _ _  t ) ( V  x -- z (1.2) 

All  t h e s e  q u a n t i t i e s  a r e  d i m e n s i o n l e s s .  T h e  d e n s i t y  
p, the  v e l o c i t y  v, the  m a g n e t i c  f i e l d  B, the  t e m p e r a -  
t u r e  T,  a n d  the  d e g r e e  of i o n i z a t i o n  a a r e  e x p r e s s e d  

in  u n i t s  of  t h e i r  v a l u e s  i n  the  i n i t i a l  c r o s s  s e c t i o n ;  

t h e s e  v a l u e s  a r e  d e n o t e d  by the  s u b s c r i p t  "0." T h e  

c h a n n e l  w i d t h  a t  t h i s  c r o s s  s e c t i o n  i s  u s e d  a s  the  u n i t  

of  l e n g t h .  
T h e  s i m i l a r i t y  c r i t e r i a  a r e  the  f o l l o w i n g  q u a n t i t i e s :  

R m ,  the  m a g n e t i c  R e y n o l d s  n u m b e r ;  M, t he  M a c h  

n u m b e r ;  A, t he  A l v 6 n  n u m b e r ;  H, the  H a l l p a r a m e t e r ;  

a n d  T, the  r a t i o  of h e a t  c a p a c i t i e s :  

B m =  %v0h~, M ~ - -  v~ 
7RTo ' 

A 2 - -  Boa I t  = *~176 
~]p0v0 ~ ' ap0e 

If the  c h a n g e s  in  the  d i m e n s i o n l e s s  q u a n t i t i e s  in  the  
c h a n n e l  a r e  s m a l l  in  c o m p a r i s o n  w i t h  u n i t y ;  t h a t  i s ,  i f  

Iv - -  t I N  [p--  1 ] ~  [ B - -  l l ~ e ~ l ,  

t h e n  t h e s e  e q u a t i o n s  c a n  be  l i n e a r i z e d .  In t h i s  p r o c e -  

d u r e ,  the  n o n l i n e a r  t e r m  wi th  the  Ha l l  e f f e c t d i s a p p e a r s  

f r o m  the  f i r s t ,  o r  i n d u c t i o n  e q u a t i o n ,  i f  the p a r a m e t e r  

H / R  m i s  no t  too l a r g e ;  t h a t  i s ,  i f  H / R  m << 1 /e .  S i m i -  

l a r l y ,  t he  n o n l i n e a r  t e r m  d e s c r i b i n g  J o u l e  d i s s i p a t i o n  

d i s a p p e a r s  f r o m  the  e n e r g y  e q u a t i o n  w h e n  MZAZ/Rm << 

<< 1/e .  A f t e r  s o m e  t r a n s f o r m a t i o n s ,  the  s y s t e m  of  

l i n e a r i z e d  e q u a t i o n s  b e c o m e s  

M 2 Ov M~(l - - . I  a ) - I  OB 

~-~, /X M a - t Oy M 2 - 1  Ox ' 
B 

62v t ,:,av A2M 2 gaB 
ex  a M a - l Oy 2 M ~ -  I Ox Oy ' 

019 ,12M a 0 B  liar2 t3V 

Ox M ~ - 1 0 x  M ~- - 1 0 y  ' 

Ou _ 1 Op i~B 
0x - AI~ 0:v A2 ":~-x " 

( 1 . 3 )  

H e r e  u a n d  v a r e  the  l o n g i t u d i n a l  a n d  t r a n s v e r s e  c o m -  

p o n e n t s  of the  f low v e l o c i t y  (F ig .  1). 
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Fig.  1 
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Here  we have 

�9 h'(~) for  x > 0  
0 f o r , < 0  

(2.3) 

The boundary  condi t ions  a r e  a s  fo l lows:  1) The v e -  
loc i ty  component  n o r m a l  to the channel  wal l  ( i m p e r -  
m e a b l e  to the gas)  i s  ze ro ;  in the l i nea r  app rox ima t ion ;  
th i s  i s  d e s c r i b e d  by  

v = 1' (x),  ( 1 . 4 )  

where  y = f (x )  i s  the shape of the channel  wal l .  2) At  a 
nonconduct ing wall ,  the n o r m a l  component  of the e l e c -  
t r i c  c u r r e n t  i s  z e r o ;  in the l i nea r  app rox ima t ion ,  th is  
l e a d s  to the boundary  condi t ion 

0B/0x = 0, (1.5) 

that  is ,  at  th is  wal l  the ne t  magne t i c  f i e ld  i s  cons tan t :  

B = const .  

3) At  an e l e c t r o d e ,  the tangent ia l  component  of the 
e l e c t r i c  f ie ld  i n t ens i t y  i s  continuous;  a t  an i dea l ly  con-  
duct ing e l e c t r o d e ,  t h e r e  i s  no e l e c t r i c  f ie ld ,  and the 
boundary  condi t ion  for  the magne t i c  f i e ld  in the l i n e a r  
a p p r o x i m a t i o n  b e c o m e s  

OB OB 
~-y = H -b~" (1.6) 

2. When R m >> i ,  the induction equation simplifies, 
and system (1.3) reduces to the following, after some 
conversions: 

1 02v OB MB~ Ov 
M B 2 - -  I Oy ~ - -  O, ~x  - -  M B S - -  | Oy ' 

p = p(0, y) + B - - B ( O ,  y), 

u = u ( 0 ,  y ) - -  1 [ B - - B ( 0 ,  y)]. 
" " B -  

(2.1) 

= CB/V 0 is  the s q u a r e  of the Here  1/MB2 = 1/~VI 2 + A 2 2 2 
r a t i o  between the ve loc i t y  of the f a s t  m a g n e t o a c o u s t i c  
wave p r o p a g a t i n g  t r a n s v e r s e  to the magne t i c  f ie ld  and 
the flow ve loc i ty .  

Sys t em (2.1) has  an obvious  meaning :  the flow of an 
i d e a l l y  conduct ing  gas  t r a n s v e r s e  to a magne t i c  f i e ld  
i s  d e s c r i b e d  in th is  a p p r o x i m a t i o n  by the s a m e  e q u a -  
t ion as  the flow of a n e u t r a l  gas ,  excep t  that  the Mach 
number  M i s  r e p l a c e d  by M B. 

When M B > 1, s y s t e m  (2.1) has  s i m p l e  ana ly t i c  s o -  
lu t ions .  If the channel  c r o s s  s ec t ion  away f r o m  the 
p lane  x = 0 changes  in such a m a n n e r  that  the lower  
wal l  i s  d e s c r i b e d  by y = f l ( x ) ,  while the upper  wal l  i s  
d e s c r i b e d  by the s t r a i g h t  l i n e  y = f2(x) = 1, and i f  the 
f low is  un i fo rm in th is  c r o s s  sec t ion ,  the so lu t ion  i s  
g iven by 

v = X ( x - - 2 n k - - k y ) - -  ~ ] X ( x - - 2 n k + k y ) ,  (2.2) 

F i g u r e  2 shows the e l e c t r i c - c u r r e n t  l ines ,  that  i s ,  
the l ines  B = cons t  ( so l id  l ines)  and the gas  s t r e a m -  
l ines  (dashed l ines)  in the channel  fo r  M~ = 2, f i  = 
= - 0 . 0 2 x  2, and f2 = 1. In th is  ca se ,  the e l e c t r i c - c u r -  
r e n t  l ines  a r e  s t r a i g h t  l ines  with b r e a k s ,  which a r e  
s l igh t  d i s con t inu i t i e s .  The c u r r e n t  dens i ty  n o r m a l  to 
the channel  wal l  changes  a b r u p t l y  at  points  s e p a r a t e d  
by a distance 2(M~ ~ 1) I/2. 

When the flow parameters are averaged over a cross 
section, the usual linear-approximation relations for 
a quasi-one-dimensional flow are obtained. In part ic-  
ular, we find the following for the longitudinalvelocity: 

h 
(Is -- f,)' i I < U > ' =  MB 2 _ 1 ,  <U>= ]~--/-----~ u d y .  

h 

Here  fz - ]1 i s  the d i s t ance  between channel  wai l s .  
3, Solution (2.3) for  the magne t i c  f ie ld  does  n o t s a t -  

i s fy  boundary  condi t ions  (1.5) and (1.6). In p a r t i c u l a r ,  
the c u r r e n t  d i s t r i b u t i o n  in the flux co re  does  not d e -  
pend on whe ther  the channel  wal l  i s  a conduc tor  o r  a 
nonconductor .  The c u r r e n t  r e d i s t r i b u t i o n  r e q u i r e d  to 
s a t i s fy  the boundary  condi t ions  on the magne t i c  f ie ld  
should occur  in the c u r r e n t  boundary  l a y e r .  

Under the a s s u m p t i o n  that  th is  l a y e r  i s  thin, and 
with the s t a n d a r d  (in boundary  l a y e r  t heo ry  [6]) e v a l u -  
a t ions  of the t e r m s  in Eqs.  (1.3), one can s i m p l i f y  
these  equat ions .  The induct ion equat ion for  the c u r r e n t  
l a y e r  b e c o m e s  

OrB _ _  OB OB ~ 
x ~ - ~ - ~ .  (3 .1)  

Here  and below, the s u p e r s c r i p t  ~ deno tes  quan t i t i e s  
eva lua t ed  at  the boundary  between the flow l a y e r  and 
core .  Th is  equat ion  can be r e w r i t t e n  as  

OVx O~ x 
• o ~  = -~-" (3 .2)  

Solut ions  a r e  given below for  the l a y e r  a t  the lower  
channel wal l ,  a t  which y = 0. The bounda ry  condi t ion on 
this  l a y e r  a t  y = 0 i s  condi t ion  (1.5) for  an i n su l a to r  or  
(1.6) for  an e l e c t r o d e ;  a l so ,  as  y --- oo, the so lu t ion  
should become  equal  to solut ion (2.3) for  the lower  
boundary  of the flow co re .  In addi t ion ,  the in i t i a l  c o n -  
d i t ions  B(0,y)  and jx (0 ,y )  mus t  be spec i f i ed  to so lve  
p a r a b o l i c  equa t ions  (3.1) and (3.2). 

Acco rd ing ly ,  c u r r e n t - l a y e r  p r o b l e m s  under  these  
condi t ions  a r e  m a t h e m a t i c a l l y  equ iva len t  to p r o b l e m s  
involv ing  l i n e a r  hea t  flow [7] and have ana logous  s o l u -  
t ions.  On the o the r  hand, th is  p r o b l e m  is  v e r y  s i m i l a r  

z !  I I I [ 3  

Fig. 2 
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The c u r r e n t s  in l a y e r s  at  e l e c t r o d e s  a r e  d e s c r i b e d  
by Eq. (3.2) with boundary  condi t ions  

L: = H (• O]~/Oy + OB~ f o r  y = 0 ,  

]x ~ ix O = - -  MB2ff for  y ~ c~, 

] ~ = j ~ ( 0 ,  y) = ~ ( y )  for  z = 0 .  

3Z 

$.q l 

. [/] 

o z * . s f-~7/; 
Fig.  4 

to that  of a v i s c o u s  boundary  l a y e r  with s l ipping,  which 
was so lved  in the l i n e a r  a p p r o x i m a t i o n  in [8]. 

The f ie ld  and c u r r e n t  d i s t r i b u t i o n s  nea r  a noncon-  
duct ing wal l  a r e  given by Eq. (3.1) with the boundary  
condi t ions  

B = t for  y = 0 ,  B - - ~ B  ~ for  y --, ~ ,  

B = B ( 0 ,  y) for  x = 0 .  

In a channel  of v a r i a b l e  c r o s s  sec t ion ,  and in which the 
magne t i c  f i e lds  a r e  d e s c r i b e d  by (2.3), the so lu t ion  in 
a l a y e r  a t  a nonconduct ing wal l  of p a r a b o l i c  fo rm,  

fi  = % axe, 

i s ,  for  0 < x < 2(M h - 1)1/2 

{ l  - -  [t - -  (l) (r)] (l + 2 r  ~ ) -  B I + ~ m  

Here  ~ ( r )  i s  the p r o b a b i l i t y  i n t e g r a l ,  and r = y/~,~/x.  
F i g u r e  3a shows the e l e c t r i c - c u r r e n t  l ines  in the 

l a y e r  at  a nonconduct ing  wal l  fo r  M~ = 2, f l  = -0.02x2,  
and ~ = 10 -2. In the l a y e r ,  the c u r r e n t  s l i p s  a long the 
su r f ace ,  and the c u r r e n t  dens i ty  i s  much g r e a t e r  than 
in the flow core .  Th i s  l e a d s  to a g r e a t e r  r a t e  of Joule  
e n e r g y  d i s s i p a t i o n  in the c u r r e n t  l aye r .  The e l e c t r o -  
magne t i c  f o r c e s  a r e  p e r p e n d i c u l a r  to the wal l .  In an 
expanding  channel ,  in which a flow with M B > 1 i s  a c -  
c e l e r a t e d ,  the c u r r e n t  s l ipp ing  a long a nonconduct ing 
wal l  in the l a y e r  t ends  to de tach  the flow f r o m  the wall .  

If the c u r r e n t  is  d i s t r i b u t e d  in the flow c o r e  a c c o r d i n g  
to (2.3), and the e l e c t r o d e  i s  of p a r a b o l i c  shape ,  f l  = 
= ax2/2, the longi tudinal  c u r r e n t  in the l a y e r  in the r e -  
gion 0 < x < 2(M~ - 1) 1/2 wil l  be  given by 

H 
]~ = aMB2 ]/MB~ - -  t 

- - a M B ' ( ~ M ~ _  t + i ) { O ( r )  + exp(by + b'x'x) • 

X [t - -  (I:) (r + bx Vx)]} + 
co 

+ ~ exp ~ - -  exp ~ ~ (~1) d~l, 
0 

t 
b = -ff-4~ . 

The e l e c t r i c - c u r r e n t  l ines  a t  an i dea l ly  conduct ing 
anode a r e  shown in Fig.  3d fo r  M~ = 2, f l  = - 0 . 0 2 x  2, 
Y. = 1 0  -2 , H = 3 0 ,  a n d r  0. 

The th i ckness  of the c u r r e n t  l a y e r  in both c a s e s  i s  
of the o r d e r  of 

1 t M B .R_,/= 

(5 : ~  : V.Rm(I+A2M 2)='-M 

and d i f f e r s  by the f ac to r  MB/M = CT/C B _< 1 f r o m  the 
l a y e r  t h i ckness  in an i n c o m p r e s s i b l e  f luid which i s  a 
good conduc tor  [1]. 

The Joule  d i s s i p a t i o n  in the l a y e r  i s  m o r e  in t ense  
than in the co re  when H > (MBZ - 1)1/2. Near  the e l e c -  
t rode  th is  d i s s i p a t i o n  i n c r e a s e s  in p r o p o r t i o n  to (1 + 
+ HZ). F i g u r e  4 shows the d i s t r i bu t ion  of Joule  d i s s i p a -  
t ion in a l a y e r  a t  an anode for  (M~ = 2 [in th is  f igure ,  
1) H =  0; 2) H =  1; 3) H = 3 ] .  

The v a r i a t i o n  in the e l e c t r i c  c u r r e n t  nea r  a s l i g h t -  
d i scon t inu i ty  l ine (Fig .  2) can be d e s c r i b e d  by an e q u a -  
tion ana logous  to (3.2) and w r i t t e n  in t e r m s  of c o o r d i -  
na tes  inc luding  the s l i g h t - d i s c o n t i n u i t y  l ine.  This  
equat ion d e s c r i b e s  the s t r u c t u r e  of the s l igh t  d i s c o n -  
t inui ty  in a nonviscous ,  e l e c t r i c a l l y  conducting,  and non-  
h e a t - c o n d u c t i n g  p l a s m a ;  the d i r ec t i on  of the e l e c t r i c -  
c u r r e n t  l ines  changes  cont inuous ly  in a l a y e r  on the 
o r d e r  of 5 in t h i ckness .  

On the b a s i s  of th is  d i s c u s s i o n ,  we can d r aw  a p i c -  
tu re  of the c u r r e n t s  and o the r  flow p a r a m e t e r s  a t  the 
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e n t r a n c e  to a channel  f o r m e d  by i n s u l a t o r s  and e l e c -  
t rodes .  F i g u r e  5 shows the e l e c t r i c - c u r r e n t  l ines  
( so l id  cu rves )  and the gas  s t r e a m l i n e s  (dashed cu rves )  
for  an expanding  channel  and for  MBZ = 2, f l  = -0-04x2,  
f2 = 1, ~ = 10 -2 , a n d H =  3. 

In conclus ion ,  the au thor  thanks A. I. Morozov  for  
usefu l  d i s c u s s i o n  of these  r e s u l t s .  
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